Abstract: Defect modes of defective parity-time symmetry in one-dimensional fractional Schrödinger equation are theoretically investigated. Both positive and negative defect modes are extremely sensitive to the defect strength and amplitude of periodic potential. Their eigenvalues increase almost linearly with the defect strength and continuously jump among neighboring gaps in the entire defect strength domain. There exists a phase transition point where two adjacent defect mode curves merge into a single one. Below which the eigenvalues are real, and their profiles have the same symmetry as the parity-time symmetric potential. Above the transition point, the defect modes give rise to complex eigenvalues, and the above symmetric property is destroyed. The transition point also grows linearly with the defect strength. As defect strength increases, much more positive defect mode branches merge together and more phase transition points appear in each gap. However, only one phase transition point exists for negative defect modes, and moves into the higher gaps.
Introduction
In recent years the fractional Schrödinger equation (FSE) [1] , as a nature generalization of the standard (non-fractional) Schrödinger equation (SSE), has attracted a great deal of attention since its introduction into fractional quantum mechanisms by applying the path integral over Lévy flights instead of Brownian trajectories [2] , [3] . The realization of FSE within the framework of optics, based on transverse light dynamics in aspherical optical cavities [4] , has provided a laboratory tool with molding diffraction of light and generating novel beam solutions. Most current research is focused on mathematical issues and the steady behavior of wave packets in simple potentials. For example, the space-FSE has been employed for theoretically studying the propagation dynamics of wave packets in the presence of the harmonic [5] , delta-function potential, and Coulomb potential [6] as well as of the free particle [7] . It is shown that there is much marked difference between the properties of SSE and FSE in many aspects. The precise details of these qualitative differences and their implications are beginning to be understood increasingly better. On the other hand, the light propagation dynamics in parity-time (PT) symmetric periodic potentials has become a considerate topic in nonlinear physics, because of their intriguing physical properties and their potential applications. Quantum mechanics shows that a wide class of non-Hermitian Hamiltonians can also have an entirely real spectrum in a certain region of parameters provided they respect PT symmetry, which indicates that the real part of the complex potential should be an even function of position and the imaginary part should be an odd one. It is noteworthy to point out that this condition is just necessary but not sufficient. The realization of complex PT symmetric potentials within the framework of optics has paved the way towards several novel optical control schemes with intriguing and unexpected properties [8] . At present, light propagation dynamics have been studied in several types of PT symmetric optical systems with [9] - [13] or without local defects [14] . One of the important features of such systems is the existence of a set of multiple forbidden gaps where linear waves undergo Bragg reflection from the periodic structure. Moreover, when a local defect is introduced into these periodic structures, light can be trapped in the defect site in the form of linear defect mode (DM) with their eigenvalues lying inside the gaps [14] . All of the above-mentioned light propagation dynamics are studied based on SSE. Very recently, Zhang et al investigated the dynamic of optical beams in FSE with a PT symmetric potential without a defect, they found that at a critical point, the band structure becomes linear and symmetric, which results in a nondiffracting propagation and conical diffraction of input beams [15] . One wonders, when a defect is introduced, if FSE with a defective PT symmetric potential can also support DMs.
In this paper, we focus our attention on DMs of defective PT symmetry in one-dimensional FSE. We show numerically that both the positive and negative defects can support DMs. Both positive and negative DMs bifurcate from the edge of each band into the gaps, which increase almost linearly with defect strength and continuously jump among neighboring gaps in the entire defect strength region. It is also demonstrated that there exists phase transition points in both positive and negative DM curves, and both phase transition points and corresponding eigenvalues grow linearly with the defect strength. As positive defect strength increases, a number of sets of DM branches merge together in each gap, and more phase transition points appear in strong defect strength domain. However, there is only one phase transition point for the negative DMs, which would be moved up from lower band into the higher one with increase of the negative defect strength, and no defect modes occur inside the low gaps.
Theory Model
We begin our analysis by considering the one-dimensional FSE with a PT symmetric potential, the dimensionless complex amplitude of the field U is governed by the following equation [15] :
where the transverse x and longitudinal z coordinates are scaled to the input beam width and diffraction length, respectively. α is the Lévy index (1<αࣘ2) and the function F(x) characterizes the PT symmetric periodic potential, defined as
A 0 is the amplitude of the periodic potential, without loss of generality, we fixed A 0 = 6 in our simulation. Here, we assumed that the defect of periodic potential is confined to a single lattice at x = 0, and the defect depth is characterized by the defect strength ε ranging from −1 to1 and the localized function f D (x) describing the shape of the defect which is defined as follows:
). For the case of ε>0 and ε<0, the amplitude of the potential at the defect site is higher and lower than that at the surrounding sites, and are called positive and negative defect, respectively. ω 0 is the amplitude of imaginary part of periodic potential compared with the real part. In the case α = 2, Eq. (1) becomes the one-dimensional SSE with a PT symmetric potential. Here, we are interested in the opposite limiting case of α = 1.
Before analyzing the DMs in Eq. (1), it is instructive to first understand the band structure of a PT periodic potential without a defect, which can also be analyzed based on Floquet-Bloch theory. We calculate Eq. (1) by the plane wave expansion method to obtain the typical band spectrums as depicted in Fig. 1 , where μ is the eigenvalue or propagation constant for optical beams. As is shown in the previous literature, one of the important features of such systems is the existence of multiple frequency gaps in the beam transmission spectra and there exists a phase transition point (or threshold) w 0th = 0.5, below which all the propagation eigenvalues are real, as shown in Fig. 1(a) . The eigenvalue μ for all possible periodical guided modes are arranged into bands which are separated by gaps between them. These gaps from top to bottom are called consecutively as the semi-infinite gap, first gap, second gap, and so on. Once ω 0 exceeds this critical value, an abrupt phase transition occurs because of the spontaneous symmetry breaking, the first two bands start to merge together and form an oval-like structure and a complex band diagram forms, as shown in Fig. 1(b) and (c). Further increasing ω 0 , it is shown that the real parts of the first two bands begin to overlap with each other, and the imaginary parts take nonzero opposite signs.
When a local defect is introduced into the uniform PT periodic potential (ε = 0), the DMs can be excited, and the defect mode solutions of (1) are found in the form U (x, z) = ψ(x)exp( − i μz) with the DM profile ψ(x) = R (x) + i I (x) being found as a complex localized function around the defect site, μ = μ R + i μ I is a complex-valued function. Eq. (1) can be rewritten in the following coupled equations
It is point out that if μ I = 0, the DMs solutions would possess the same symmetric property as the PT potential, i.e., ψ(x) have even real parts and odd imaginary parts. However, in the case μ I = 0, the above symmetric property would be destroyed.
We show in Fig. 1(d) how the eigenvalue μ of DM changes with defect strength ε at a fixed value of ω 0 = 0.2 along with the band structure of a PT periodic potential without defect. One of the main features is the existence of a set of MD branches, which can continuously change from one gap to the other one when the defect strength ε varies. Due to continuity, these DMs in the same family generally have the same properties. It is clearly shown in Fig. 1(d) that the eigenvalues of DMs shift linearly with defect strength ε. In general, these DMs bifurcate from the band edges, and every branch reaches the right edge of each band and then reappears in the higher gap with decreasing Fig. 3(a) ).
ε. Therefore, there are much more DM bifurcations belonging to higher gaps in strong negative defect domain. Now, we address properties of positive DMs supported by defective PT symmetry in onedimensional FSE. These DMs are determined numerically, and the results are presented in Figs. 2 and 3 at low and strong defect strength ε, respectively. The existence curves of positive DMs at ε = 0.2 and 0.7 are plotted in Figs. 2(a) and 3(a) , which show that, with the increase of ε, their existence domain with real propagation eigenvalue tends to widen and more DMs extend across bands into lower gaps. When the positive defect is weak, there exists only one DM in each gap below another threshold value of ω 0 . At the same ω 0 , the DMs are more localized than those bifurcated from higher gaps, as shown in Fig. 2(b) and (c). With increasing ω 0 , the branches of DM enter into the lower neighboring gap. The upper two branches merge and become a single one when ω 0 approaches certain critical value ω 0th = 0.64, which is just a new phase transition point. Below which the eigenvalues μ of those DMs are real, and their profiles have symmetric real parts and antisymmetric imaginary parts, shown in Fig. 2(b) -(e), as same symmetric property as the PT periodic potential. These plots also show that, as ω 0 increase, these DMs become less localized and their profiles develop intensive oscillations on their wings in their far field. Above ω 0th = 0.64, the DMs give rise to complex eigenvalues, and the above symmetric property belonging to the DMs is destroyed, as shown in Fig. 2(f) . As is clearly shown in Fig. 3(a) and (b) , their exist a number of sets of mode branches merging together in each gaps at high value of ε, and more phase transition points appear. The corresponding DMs possess same properties as the above analysis.
Let us now consider the case of negative defect. The properties of these DMs are summarized in Figs. 4 and 5. Fig. 4(a) depicts the existence curve of negative DMs at ε = −0.1, It is seen that the negative DMs bifurcate from lower edge of each band into the gaps at weak negative defect, and their branches move away from the band edges with increasing ω 0 . Similar to the positive case, the DMs are much more localized for those exited from the lower gap, as shown in Fig. 4(b) and (c). Besides, those modes also have the same symmetric property as the PT potential. With increasing ω 0 , the corresponding existence domain shrinks with the increase of ω 0 at fixed ε, and the DM branch terminates on the edge of this gap and then reappears in the surrounding one. Moreover, the first two mode branches belonging to first and second bands would overlap and merge into a couple of DM when ω 0 exceeds a critical value ω 0th , which is just the phase transition point. An example of DM corresponding to point d (ω 0 > ω 0th ) marked in Fig. 4(a) is displayed in Fig. 4(d) at μ = 1.27 + 1.48i , which has an asymmetric profile. Fig. 5(a) shows that, as increasing ε, these negative DMs terminate and then enter in the higher gap. For example, when ω 0 = −0.3, two DM branches are lifted into the second finite gap, and their profile also exhibit symmetric real parts and antisymmetric imaginary parts at ω 0 below ω 0th = 0.38. As for ω 0 > ω 0th , those DM curve merge together and corresponding DM has a complex eigenvalue and asymmetric profile. With decreasing ε, the value of phase transition becomes smaller. When ε is further reduced, the phase transition would disappear in the second finite gap and the DM branches further embed in the third gap, as shown in Fig. 5(c) . Two representative solutions of DMs at different eigenvalues are displayed in Fig. 5(b) and (d) corresponding to points marked in Fig. 5(a) and (c) . In strong negative defect strength domain, there is only one phase transition point with decreasing continuously ε, these DMs and corresponding phase transition point would be further moved up into the higher gap, and no defect modes occur inside the low gaps.
It is interesting to compare the above results with those previously obtain in SSE. First, one of the main features of DM in one-dimensional FSE is continuously jumping phenomenon among neighboring gaps in the entire defect strength domain, and these DMs increases almost linearly as increasing the eigenvalue. This behavior is different from that supported by SSE with a PT symmetric potential [14] , where the DMs can also be lifted in the gaps, but considerably less mode branches are excited for the same PT symmetric potential, and their existence curves shift nonlinearly with the eigenvalue. Our results also are different from DMs driven by the real photonic crystals [16] , where only the negative DM bifurcations march to edges and then appear in higher gaps in strong negative defect domain. Second, there exists phase transition points ω 0th in both positive and negative defect cases, and both ω 0th and corresponding eigenvalue μ grow almost linearly with the defect strength, as shown in Fig. 6 . In the SSE case, ω 0th only appears in the strong negative regime, and the relation between ω 0th and ε is also nonlinear. In other words, there is no phase transition point for both the positive defect and weak negative defect case. In addition, it should be mentioned that the band structure described by the SSE and FSE with a PT-symmetric potential have some similar phenomena as shown in Fig. 1(a)-(c) , but there are also some differences. For example, the phase close region shrinks gradually and ultimately disappears with increasing ω 0 in SSE, and bands are nonlinear at the phase point. However, in FSE case, the phase close region shrinks gradually and the width ultimately achieves saturation value at high ω 0 , as shown in Fig. 1(c) . Moreover, the bands are completely symmetric and linear at ω 0th , which results in a nondiffracting propagation and conical diffraction of input beams [15] . This implies that the propagation behavior of light beams in the FSE with defective PT potentials would be more complicated than that without defect. So, the light propagation dynamics in the FSE with defective PT potentials are interesting and worth investigating. They will be the topics of our further studies in the future.
A critic might question whether our model can be realized physically. Indeed, it is still challenging to design an optical realization of FSE with a defective PT potential. It is shown that the coupled waveguides can provide a realistic platform upon which one could investigate the propagation of light in FSE with PT potentials, based on the fact that the Fourier transform of (1) is similar to the discrete equation that describes the propagation of light in coupled waveguides [15] . The key question is to elaborate on the PT-matched coupling strength among waveguides, and it is technically feasible according to previous literature [17] .
Conclusion
In conclusion, we have thoroughly study DMs supported by PT symmetric potential in onedimensional FSE. It is found that both positive and negative DMs bifurcate from the edge of each band into the gaps and their properties are extremely sensitive to the defect strength ε and amplitude of imaginary part of periodic potential compared with the real part ω 0 . The distances between the eigenvalues of DM and band edge increases almost linearly with the defect strength and these DMs continuously jump among neighboring gaps in the entire defect strength domain. At the same ω 0 , the DMs are more localized than those bifurcated from higher gaps. For a fixed ε, the branches of DM enter into the higher neighboring gap with increasing the value of ω 0 , these DMs also become less localized and their profiles develop intensive oscillations on their wings in their far field. It is also demonstrated that there exist phase transition points ω 0th in both positive and negative DM curves. Below which the eigenvalues μ of those DMs are real, and their profiles have symmetric real parts and antisymmetric imaginary parts, as same symmetric property as the PT potential. Above the value of ω 0th , the DMs give rise to complex eigenvalues, and the above symmetric property belonging to the DM is destroyed. Both ω 0th and corresponding eigenvalue μ grow almost linearly with the defect strength. In the positive defect case, as positive defect strength increases, a number of sets of positive DM branches merge together in each gap, and more phase transition points appear at high value of ε. However, there is only one phase transition point for the negative DMs, which would be moved up from lower gap into the higher one with increase of the negative defect strength, and no DMs occur inside the low gaps. It is well known that the input beam will propagate stationary and not diffract at all, when it takes the profile of a defect mode. As a result, the existence of these defect modes as well as their profile and symmetry properties have a profound effect on linear light propagation and may therefore help to provide a novel way for beam controlling in FSE with a PT symmetric potential. Although, it is still challenging to design a physical realization of PT symmetric system in FSE, our theoretical results further connect fractional Schrödinger operator and PT symmetry. Those not only further deepen understating the FSE, but also provide some potential applications, such as beam controlling, routing light, in complex potential.
